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Intreductiom to MATLAB: MATLAB

MATLABIs an abbreviation for '"MATrix LABoratory O

MATLAB is a programming platform designed specifically for engineers and
scientists. The heart of MATLABIs the MATLAB Ilanguage,a matrix-basedlanguage
allowing the most natural expression of computational mathematics. While other
programming languages mostly work with numbers one at a time, MATLAB is
designedto operate primarily on whole matrices and arrays.
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Intrioductiom to MATLAB: MATLABRéferenc

" MATLABDocumentation

How to write code < doc + function/command

. help + function/command
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Intneductiom to MATLAB: Commandyvsk kunction \Synta

Command syntax: |oad Workspace.mat

In MATLAB, these statements are equivalent: ' _
Function syntax;: load(' Workspace.mab

This equivalence is sometimes referred to as commardnction duality .

All functions support this standardfunction syntax  [outputl, ...outputM] = functionName(input 1, ...jnputN)

If you do not require any outputs from the function, and all of the inputs are character vectors (that is, text enclosed |
single quotation marks), you can use this simplecommand syntax  functionNameinputl ...inputN

With command syntax,you separate inputs with spaces rather than commasind do not enclose input arguments
in parentheses. Command syntax always passes inputscimracter vectors

To use strings as inputs, use the function syntax.
If a character vector contains a space, use the function syntax.

When a function input is avariable, you must use function syntax to pass the value to the function. Command
syntax always passes inputs asharactervectors andcannot pass variable values
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Intreductiom to MATLAB: Datattypes

By default, MATLABSstores all numeric variables as double-precision floating-point values.
Additional datatypes store text, integer or single-precision values,or a combination of related datain a single variable

Numeric Types:Integer and floating-point data

Characters-and:StringsText in character arrays © § and string arrays © 6

Dates and TimeArrays of date and time values that can be displayed in different formats
Categorical ArraysArrays of qualitative data with values from a finite set of discrete, nonnumeric data
Tables:Arrays in tabular form whose named columns can have different types
Timetables: Time-stamped data in tabular form

Structures: Arrays with named fields that can contain data of varying types and sizes
Cell Arrays:Arrays that can contain data of varying types and sizes

Function Handles Variables that allow you to invoke a function indirectly

Map ContainersObjects with keys that index to values, where keys need not be integers
Time SeriesData vectors sampled over time

Data Type Identification:Determining data type of a variable

Data Type ConversionConverting between numeric arrays, character arrays, cell arrays, structures, or tables
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Introductiom to MATLAB: Commontkunctions and Command

Most Common

MATLAB code <

" ans

clc

clear
global
plot
format
iskeyword
fpritf / sprintf
Zeros
ones
eye/diag
fopen
fcolse

patch
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Most recent answer

Clear Command Window

Clear Workspace

Declare variables as global

2-D line plot

Set Command Window output display format
Determine whether input is MATLABkeyword
Write data to text file/Format data into string or character vector
Create array of all zeros

Create array of allones

|dentity matrix/ Creates or extract diagonals
Open file, or obtain information about open files
Close one or all open files

Plot one or more filled polygonal regions




Introductiom to MATLAB: Commontkunctions and Command

1-Matrices can be created in MATLAB by the command 5-Conditionals, if and switch
>> A=[1 2 3;4 5 6;7 8 9] switch units
A = x=-1 case ’length’
B if x== disp(’meters’)
1 2 3 disp(’Bad input!’) case ’volume’
4 5 6 elseif max(x) > 0 disp(’cubic meters’)
y = x+1; case ’time’
7 '8 9 else diSp(’hOUI‘S’)
; : : = x72; otherwise
Note the semicolon at the end of each matrix line. ond yox disp(not interested’)

end

2-Operating with matrices

3-Statements:are operators, functions and variables, always producing a matrix which can be used later.

4-Matrix functions 6-Loops: for and while
eye Identlty matrix 7_ Relatlons

ZEeros A matrix of zeros

ones A matrix of ones .

diag Creates or extract diagonals 8-Submatrix

rand Random matrix

9-Logical indexing
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Intreductiom tao MATLAB: NHile vs. Mix-file

M-file:

Plain Code Scripts and Functions
In new Versions: Functions could be saved as separate-files (function) as well as in the end off main script

MIx-file:

MATLAB live scripts and live functions are interactive documents that combine MATLAB code with
formatted text, equations, and images in a single environment called the Live Editor. In addition, live scrip
store and display output alongside the code that creates it.

Functions could be saved as separate mfites (function) as well as in the end off main script
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Intreductiomto MATLAB: Simulation SStrategy

N

Preprocessing CIIIIIIIIIION Simulation T Postprocessing
Input File Solver File Output File
M-file or MIx-file M-file or Mix-file + Function files Text file and figures
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Intneductiom to FEA: BasicCConecepts

by differential equati
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Intneductiom to FEA: BasiciConcepts

R A R . A “
. Analytical Methods . Semianalytical (Approximate) Methods  Numerical Methods:
ODE Lumped-parameter Methods Numerical Integration
PDE =) Separation of variables Series Discretization Methods Einite Volume Method

Finite Element Method

Finite Difference Method

- The existing mathematical tools will not be sufficient to find thd
| exact solution (and sometimes, even an approximate soluﬂon% Boundary Element Method
of most of the practlcal problems
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Intneductiom to FEA: BasiciConcepts

Analytical Methods
Must be satisfied
= —» Essential (geometry)
Semtanalytical (Approximate) Methods < Boundary conditions
@ -—-= Weak Form
Variational Approach ----~
Series Discretization Methods Assumed Solution
Weighted Residual Approach-,
* Strang Form
" Must be satisfied
U~ Essential (geometry)

Numerical Methodsé

Weak Form
Finite Element Method
Strang Form

""" - as well as
Natural (force)
Boundary conditions
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Intneductiom to FEA: BasicCConecepts

What is Finite Element/Analysis ?

The Finite Element Analysis (FEA) is the simulation of any given physical phenomenon using theE
numerical techniquecalled Finite Element Method (FEM). :

large number of finite elements, or simply elements.

The solution region is considered to be built of many small, interconnected
subregions called elements.

Space Discretization

4

FEMsubdividesa large system into smaller, simpler parts that are callefinite elements

4

construction of ameshof the object

Milad Vahidian, Ph.D. Student of Mechanical Engineering 15




lmncmﬂmmmnt@ FEA: Ampjlucam@ms

Sttructural Analysis

Thermal Analysis

Fluid Structure Analysis

Electromagnetic /Analysis
Multiphysics Analysis

Optimization Analysis

.
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Structural
Analysis

<

Intreductiomto FEA: Applications

time-

time-
dependent
-

_ <
independent

<

Eigenvalue

problem
~

@ . .
Quaststatic

Dynamic <

Static —— Displacement/Stress Analysis —

Sandwich panel

Composite Material

fBucinng and postbuckling analysis

Frequency and mode shape analysi

cI'ime-depend material respons~ Creep and Viscoelasticity

< : :
Low-velocity forming

Unstable roblems— local instabilities (e.g. surface
Ny P wrinkling) and local buckling

r
Explicit dynamic analysis_ Impact of Composite Material

Implicit dynamic analysis

_ Response spectrum analysis 17




Intreductiomto FEA: Applications

Analysis <

Multiphysics <

f
Thermal structural analysis ! ! g

Start After 3 cycles After 7 cycles
100% volume 77% volume 66% volume

Optimization <
-

Fluid structural analysis r- r
-

After 10 cycles After 14 cycles
61% volume 57% volume

f
Topology optimization

éhape optimization

Original model After shape

optimization
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Intreductiomto FEA: AndlysisiProcedures
_ Procedures

1-Discretization

2-Interpolatiom (Shape Function)

3-Derivation of characteristic matrices((elementsstiffnessimatrices andload-vectors
4-Assembly

5-Applying Boundary Conditions

6-Solving unkmnown
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Intreductiomto FEA: AndlysisiProcedures

1- Discretization

Thefirst stepin the finite element method involves dividing the body into an equivalent systemof finite elements
with associatednodesand choosingthe most appropriate elementtype to model most closelythe actual physical
behavior.

Small elements (and possibly higher-order elements) are generally desirable where the results are changing
rapidly, suchaswhere changesin geometry occur

\

Spatial Discretization (Mesh)
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Intneductiomto FEA: AndlysisHProcedures

y y

3

1 2 1
«

&=

® |2

&=

(a) Simple two-noded line element (typically used to represent a bar or beam element) and the
higher-order line element

AN

= X

VA 3

Triangulars Quadrilaterals

(b) Simple two-dimensional elements with corner nodes (typically used to represent plane stress/strain)
and higher-order two-dimensional elements with intermediate nodes along the sides

AN RSN

3
Tetrahedrals Regular hexahedral Irregular hexahedral

]

(c) Simple three-dimensional elements (typically used to represent three-dimensional stress state) and
higher-order three-dimensional elements with intermediate nodes along edges
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Intreductiomto FEA: AndlysisiProcedures
2-Interpolatiom (Select alDisplacement Function)

Sincethe displacementsolution of a complex structure under any specified load conditions cannot be predicted

exactly, we assumesomesuitable solution within an elementto approximate the unknown solution. The assumed
solution must be simple from a computational standpoint, but it should satisfy certain convergence
requirements. In general,the solution or the interpolation model is takenin the form of a polynomial.

= satisfy the Essential

Approximate Solution 6 (i) OO (i) OO (ahahd) @06 (ahuhd) boundary conditions exactly

o(chufy) [0 (afee)]{cy

Interpolation
(Geometric Order of Element)

A
4 \

Linear Quadratic
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Intreductiomto FEA: AndlysisiProcedures

Five aspectsof-an-elementicharacterize dtsddehavior:

Family
Degrees of freedom Number of nodes ‘ - % Q
Continuum Shell Rigid

] ] (solid and fluid) elements elements elements
Number of nodes and order of interpolation slements o
Formulation Membrane " Infinite ~ Connector elements Truss

elements elements such as springs elements
and dashpots
Integration
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Intreductiomto FEA: AndlysisiProcedures

Five aspects of:an elementicharacterizesits-behavior:
Family

Degrees of freedom Number of nodeshe translations and, for shell, pipe, and beam elements, th

rotations at each node.
Number of nodes and order of interpolation
Formulation

Integration
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Intreductiomto FEA: AndlysisiProcedures

Five aspectsoof:an elementicharacterizesits-behavior:

Family
Degrees of freedom Number of hodes

Number of nodes and order of interpolation

Formulation
Integration ‘ ‘ .
(a) Linear element (b) Quadratic element Modtﬁed second-order element
(8-node brick, C3D8) (20-node brick, C3D20) 10node tetrahedron, C3D10M)
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Intreductiomto FEA: AndlysisiProcedures

Five aspects of:an elementicharacterizesits-behavior:
Family
Degrees of freedom Number of nodes
Number of nodes and order of interpolation

Formulation: mathematical theory used to define the element's behaviqt.agrangian or Eulerian/shell

element: 1-generalpurpose shell analysis, Zhin shells, 3-for thick shells.)

|ntegrati0n Plane strain Small-strain shells
Plane stress Finite-strain shells
Hybrid elements Thick shells
Incompatible-mode elements Thin shells
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Intreductiomto FEA: AndlysisiProcedures

Five aspects of:an lelementicharacternizesits-behavior:

Family
Degrees of freedom Number of nodes
Number of nodes and order of interpolation

Formulation

Full
integration

Reduced
integration

First-
order
interpolation

[ -

Second-
order
interpolation

L\

Integration: Using Gaussian quadrature for most elements (full or reduced integration)
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Intreductiomto FEA: AndlysisiProcedures

3-

Derive element stiffnessmatrices:anddoadoectors

From the assumed displacement model, the stiffness matrix ~ and the load vector{0 } of element e are to be
derived by using a suitablevariational principle, aweighted residual approach(such as the Galerkin method), or
equilibrium (direct method) conditions.

FE Formulation <

Direct Approach: ~ messssssss==)  Equilibrium

Variational Approach: ) Minimizing Functional

\Weighted Residual Approachmsssssss) Minimizing Error in domain
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Intreductiomto FEA: AndlysisiProcedures

Direct Approach

According to this method, the stiffness matrix and element equations relating nodal forces to nodal
displacements are obtained using force equilibrium conditions for a basic element, along with
force/deformation relationships.

Variational Approach
The variational approach is based on the application of variational calculus, which deals with the
extremization of functionals in the form of integrals.
r o

O YomhmB) o OB) + 0O YD) o &) + 7 Om ¢ -

Tt

Weighted ResidualApproach

The weighted residual methods allow the finite element method to be applied directly to any differential
equation.

0(0) "Qohd) 1 + Y 00 [0 “qohot) 0'YQ®W T
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Direct Approach

According to this method, the stiffness matrix and element equations relating nodal forces to nodal displaceme
are obtained using force equilibrium conditions for a basic element, along with force/deformation relationships.

Force = Spring stiffness X Net deformation of the spring

y Y D[ R 1 S R

Fi —
F; = k.(uj — w;) 4

As an example

K] = [ku klzl _ [ (A.E./L.) —(AEEg/le)‘ B AgEe[ 1 _1‘ Eh 5 E, A,
k2] k22 _(AeEe/le) (AeEe/le)
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Variational Approach

AR Fo@®mr  GEpmr @ W @ FET

Stiffness matrix Self Strain

\ ¢
Stress Vector—— (@ [pldE} £} {A} ——— Prestress Vector

‘\‘ Total Strain

Elastic strain energy Prestress energy Surface Traction work

o Hre ™y @elpe®my Geia®my @ HEpmr @ Fm) @ HEI n

Self strain energy Body force work Point Load work
0 o
{6} {0 ddn [0 oo {63 {-} [0l{6} [u][0 oo {3 [0[{&Y
0 ahu

( {||}%|[W]{||}'T>{+} e ™y (plamy 2rgp®y @igmy @HE
_
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Weighted Residual/Appreatch

The weighted residual method is a technique that can be used to obtain approximate solutions to linear and
nonlinear differential equations. If we usethis method the finite element equations can be derived directly from
the governing differential equations of the problem without any need of knowing the functional. We first consider
the solution of equilibrium , eigenvalue,and propagation problems using the weighted residual method and then
derive the finite elementequationsusing the weighted residual approach.

Point Collocation Method

Subdomain Collocation Method
Least Squares Method

\Galerkln Method

%;alerkin Method

0(f6}) "Qohuh) m + Y O0({o} [OHe®) “dofubn) 6 YQo nQ pheD

Weighted Residual <
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Intreductiomto FEA: AndlysisiProcedures
4-Assenililectlementequationsdo obtaintiheveveral equilibriune equations

The individual element nodal equilibrium equations are assembled into the global nodal equilibrium equations.

- 00 0 O 1 -
— TT —— Tl ’
0 0 0 f,‘Q\
nm 1w 1 1)y < >
o O 0o O 0 "Q
—_— M — TT| \ ( "
0 0 v L Q )
m T T T
115000 0 —115000 0
K] = 0 0 0 0
He=1_115000 0 115000 0
0 0 0 0
76666.67 0 —76666.67 0 6379143 0 —6379143 0
o1 0 0 0 J— 0 0 0 0
Kol = | 7666667 0 7666667 0 =1 6379143 0 6379143 0
0 0 0 0 0 0 0 0
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Intreductiomto FEA: AndlysisiProcedures

Ul/ul Vl/vl Us/u, Va/vs

115000 0° —115000 0 cos(0) —sin(0) 0O 0 1000 UJuw | 115000 0 —115000 0
(K], = 0 0 0 0 (c] = sin(0)  cos(0) 0 0 |01 00
HET 1 —115000 0 115000 O =10 0 cos(0) —sin()| |0 0 1 0| [Klo=""" 0 0 0 0
0 0 0 0 0 0 sin(0)  cos(0) 0 0 0 1 U/u, | —115000 0 115000 0
Vz/V;; | O 0 0 0 _
76666.67 0 —76666.67 0 0 -1 0 0 YT n n n n
o o o o iy |l 0 0 0 ] QN T XeedR T XOeH
Wale =1 7666667 0 7666667 0 2710 0 0 -1 YT |m T T I
0 0 0 0 0 0 1 0 Wi LT XooHPT X Q0D
6379143 0 —63791.43 0 i il VA
791. —63791. 0.554699 —0.832051 0 0 - -
/iy 2 —19628 —29442
o 0 0 0 0 cq [0832051 0554699 0 0 Uiju | 19628 29442 —19628 - —29
Kale=1_6379143 0 6379143 0 o 0 0 0.554699 —0.832051 (Ko — VV/Vi | 29442 44163 —29442 —44163
0 0 0 0 0 0 0.832051  0.554699 Uju, | 19628 20442 19628 29442
Vi/v, | —29442 —44163 29442 44163
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Intrioductiom to FEA: Antab@ E@Hﬁﬁ??@gﬂﬁées

2

U v Bofu o Vafve U, | 115000 0 115000 0 0 0
U/u, | 115000 0 —115000 0 v, 0 0 0 o o0 o
[K\]o = ‘;//vl 112000 g 1150000 2 ‘ Ko U | 115000 0 115000 0 0 0
o -
Vj/v; L . . 0 v, 0 0 0 0 0 0
U, 0 0 0 0 0 0
il 0 0 0 0 0 0
U v, U v, U, vy
oy oo
] SR T XeeBR T X00B Glo oo o o o
Y7o |m T T Tt ‘ K] = *
OT Im XxoodpTm X 0o® V.10 0 0 7666667 0 —76666.67
U1 0 0 0 0 0 0
Vi L0 0 0 —7666667 0 76666.67
U, Vi U, Vv, U v,
U | 19628 20442 0 0 —19628 —29442 |
Uju Vi Usfus  VaJvs V, | 20442 44163 0 0 —20442 —44163
Uju | 19628 29442 —19628 —29442 | K= U 0 0 0 0 0 0
(K, Vi/m | 2942 44163 29442 —44163 ‘ v, 0 0 0 0 0 0
Us/u, | 19628 20442 19628 20442 U, | 19628 —20442 0 0 19628 29442
Vi/v, || —29442 —44163 29442 44163 | v, 20442 —44163 0 0 20442 44163

Milad Vahidian, Ph.D. Student of Mechanical Engineering 35



Intreductiomto FEA: AndlysisiProcedures

5- Apply Boundary Conditions

Governing equation, must be modified to account for the boundary conditions, is a set of
simultaneous algebraic/ordinary differential/partial differential equations that can be written in
expanded matrix form.

[Kee] 0 (K] tor} () The subscripts P and F refer respectively to the
e {‘;S' ‘} = {‘ ' ‘} prescribed and free degrees of freedom
F
F F
| [Ker] [Krr] |
134628 29442 0 ~115000 —19628 20442 | | UL =0 Ry,
20442 44163 0 0 —29442  —44163 Vi=0 Ry,
0 0 76666.67 0 o _7ess667] | V2 =0 Ry
—115000 0 0 115000 0 0 U, 0
—19628 —29442 0 0 19628 29442 Us 12000
| 20442  —44163 —76666.67 0 29442  120829.67 Vs ) 0
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Intreductiomto FEA: AndlysisiProcedures

6- Solve ffar the wnknownmodalkdisplacements

[Kp]

| [Kep]

[Kpr]

[Krr]

|

{.SF}} l{FP}} [Kppl {0p} | [Kpr] {OF) = {Fp}
r}) L] Kpe] (55) + [Kpe] (55) = (Fy)

4

{5F} — [KFF]_l {{FF} — [Krp] {613}}

It should be mentioned that K will always have an inverse for wejposed problems solved by the finite element method.
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Intreductiomto FEA: AndlysisiProcedures

6-Calaulation of tthe HElemenRResultants

SUPPORT.REACTIONS
Ry [ —115000 —19628  —29442 0 [ —12 ]
Rn) | 0 0  —76666.67 | |—0.2348) | 18 |
M%BER%2030°S &/ 2 # %3
Once all the displacements are known, the member forces can be easily obtained
[ 6379143 0 —6379143 O] [ O [ —21.631]
0 0 0 0 0 0
V=1 _6379143 0 6379143 0] 0331 [~ 21631 [ N
i 0 0 0 0] |—0.9319 0
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Intreductiomto FEA: AndlysisiProcedures

StaticProblem FEM System of Algebraic Equations
(ODEs or PDES) (Linear or Non-linear)
Q%o o—Qg‘;”) b 6 0l 0 - (@
Dynamic Problem CEM System of ODEs
(PDES) (Linear or Non-linear)
& 4 - 4
2(s é%) oy T ©16©) [0} a0 - (@
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Intreductiomto FEA: AndlysisiProcedures

Non-linear
Structural <
Problems

‘Material Nonlinearity: Dueto non-linear constitutive law (e.g., polymer materials)

Geometric Nonlinearity: Due to Large displacements or large rotations

\Boundary Nonlinearity: Due to nonlinearity of boundary conditions (i.e., contact problems)
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Intreductiom to FEA: AnalysisiProecedures

rlmplicit Method <

FEM <

Linear Problems: [U ]{00} Q Linear system of algebraic equations
(" Static Problems

Non-Linear Problems: [U ({(A)})]{OO} Q{OO}) Non-linear sys. of algebraic equations

[ Linear Problems: [0 0 [{cX®)} [0 0 [{cX®)} "@O) Linear sys. of ODEs
Dynamic Problems

\_ (Dynamic Implicit)

Non-Linear Problems:

T D (DN} [0 (RGO} "TOGE)  Norlinear sys. of ODES

@uasiStatic Problems

\Explicit Method mmm) < m) [0 (NEHHAO} [0 (DAY} "TN(6Y)

Non-linear or Linear sys. of ODEs

Eynamic Problems
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Problem 1: TrussProblem

Problem Discerption

2m

4x2m
Horizontal members Diagonal members
E =30 x 10° kN/m? E =30 x 10° kN/m?
A=0.045 m’ A=0.02 m’
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Problem 1: TrussProblem

All input and output data must be specified in consistent units

Quantity SI SI (mm) US Unit (ft) US Unit (inch)
Length m mm ft in
Force N N |bf Ibf
Mass Kg tonne (103 kg) slug Ibf s2/in
Time s s S S
Stress [ pa (N/m2) | MPa (N/mm?2) |bf/ft2 psi (Ibf/in?)
Energy ] mJ (1073 J) ft Ibf in Ibf
Density | kg/m?3 tonne/mm? slug/ft> Ibf s2/in%

Milad Vahidian, Ph.D. Student of Mechanical Engineering 43



Problem 1: TrussRProblem

Data Preparation (Create Input file)

0 0
Nodes Coordinates » geom = | 4000 0
4000 6000
1 2
Element C fivity . connec — ? g

200000 2300 |

Material and GeometricalProperties —— Pprop = | 200000 2300
| 200000 2300 |

]

0
Boundary Conditions —» nf = {1
1

_—o O

0 0
Loading , load=| 0 O

1200 O
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Problem 1: Truss IPralilem

Discretization and Interpolation

> X

d,} = {u, vy, uz, va}"
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Problem 1: TrussProblem

Direct Approach

A A

{-} [0lv]{Q} g

L.} [0} [OI[D][6 1{Q}
1 (d.} = {uy, vy, u5,v,)" {fe} = {fa. S fa fio}
{d—} {~YFmeYFm} {E}:{FxlapylaFﬁaFﬂ}T
~ /0 0
L [® o) -
= : : . ‘0 MO T . . 0
Q 'Q“)(O 00) [0] im0 T L’S] v (p %) Y
n 1 : :
LI Y ] [o] [0
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Problem 1: Truss IPralilem

Local Stiffness Matrix

Y
A
o O 00O 9
. Tt —— M| .
0 0 6 QQ\
m 1 orf)Y < >
00 00 0 Q
—— Tl — T "
0 0 v L Q )
Tt Tt TT Tt
K ] {d } p— {f} > X > X
fh e e e T
{de} — {ulavl: U, VQ}T {f;} — {ﬁlaﬁ’lafﬂ:f}i}
{,gj—} {TYFIA’)F]TYFm} {fe} - {FXIvF}PI:FXZ:FyZ}T
(DS(H ”l Q—E} n n U, (cos® —sin® 0 0 1 [u
[O] l Q—ﬁ} Q)ﬁ(H - T[ , T[ . Vil _|sin® cos© 0 0 Vi
11 11 wéH | Qe U, | 0 0 cos® —sinB| |u,
1! 1! I Q& (:)8(1—) | V, 0 0 sin@  cos@ | |
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Problem 1: TrussProblem

Global Stiffness Matrix
{d)}) =[CI"{d,}

(K){d) = {f) e \[C][’fe][cﬁ{z} = =y [Kld.} = {f)

V= [CI'{f} = T
(£} =ICI'{f} [K.] = [CIIK.]IC]

Element stiffness matrix in the global coordinate system

Y y
A A )
v .
we | Ry Tt T .
6] I Q8 wéd L Tl s
T ! wéH 1 e g
n Tt i QY wiE
> X > X
{dé‘} = {ulavla U, VQ}T {ﬁ-’} — {ﬁl:ﬁ’lafxzafyZ}T
(d} {YRoRYho} () = {Fu,Fy,Fo, F)T
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Problem 1: TrussProblem

Assemblage

The individual element nodal equilibrium equations are assembled into the global nodal equilibrium equations.

115000 0 —115000 O

(K], = 0 0 0 0
s —115000 0 115000 O
o 0 0 0
76666.67 0 —76666.67 0
(K.], = 0 0 0 0
—76666.67 0 76666.67 0
0 0 0 0
6379143 0 —63791.43 0
KL= | o143 0 6379143 0
—6379143 0 6379143 0
0 0 0 0
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Problem 1: TrussProblem

Assemblage
U1/u1 VI/V1 Uz/uz Vz/Vz
115000 0 —115000 O cos(0)  —sin(0) 0 0 1 000 Uju | 115000 0 —115000 0 |
(K], = 0 0 0 0 (C] = sin(0)  cos(0) 0 0 |01 00
HE= 1115000 0 115000 0O =19 0 cos(0) —sin(0)] [0 0 1 0] [Kle=""" 0 0 0 0
0 0 0 0 0 0 sin(0)  cos(0) 00 0 1 U/u, | —115000 0 115000 0
Vv |0 0 0 0 |
76666.67 0 —76666.67 0 0 -1 0 0 YT(? n n n n
K| 0 0 0o 0 cl=|1 0 0 0 ] O T XeedR T XOeDH
He= 1 _76666.67 0 76666.67 0 0O 0 0 -1 YIO |1t T T T
0 0 0 0 00 10 QT Im XooHHPT X0
Ul/ul Vi/v U3/M2 Vi/va
6379143 0 —63791.43 0 0.554699 —0.832051 0 0 - .
o 0 0 0 0 - 0.832051 0.554699 0 0 Ui/u 19628 20442  —19628 —29442
0 0 0 0 0 0 0.832051  0.554699 Us/u, 19628 29442 19628 29442
Va/vy | —29442 —44163 29442 44163 |
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[Ki]s

[0 ]

[K3lg =

U]/ul
_ Vi/v
Ug/uz

Vz/Vz |

Y X6
w o
Y70
w0

Ui/u
Vi/vi
Us/u
Vi/v

Ul/u[

115000
0
—115000

0

Tt

Problem 1: Truss Prm}ldterp

Vl/vl
0

o <o o

Tt

Uz /u
—115000
0
115000
0

Tt

T X0y T

Tt
Tt

U /u,
[ 19628
29442
19628

| —29442

Tt

Vi / Vi
29442

44163
20442

—44163

Tt

Us/uy
—19628
—29442

19628

20442

sz Va
0

0
0
0

Tt

X0oHp
T

XOOoDRT XOO0H

V3/V2
29442 |
_44163
20442
44163 |

Assemblage

) ®-

) «-

> "

U,
Vi
U,
V2
l;
Vi

U,
Vi
U,
Vs
Us
Vi

115000
0
—115000

0
—19628

| —29442

Milad Vahidian, Ph.D. Student of Mechanical Engineering

v, U, V
0 115000 0 0 O |
O 0 0 0 0
0 115000 0 0 0
O 0 0 0 0
O 0 0 0 0
O 0 0 0 0
U, V, U, Vi
0 0 0 o
0 0 0 0
0 0 0 0
0 7666667 0 —76666.67
0 0 0 0
0 7666667 0 76666.67
Vi v, V, U, |74
20442 0 0 —19628 —29442 |
4163 0 0 —2044) _44163
0o 0 0 0 0
0o 0 0 0 0
220442 0 0 19628 29442
—44163 0 0 20442 44163
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Problem 1: TrussProblem

Assemblage
U, v, U, Ve, Us Vs ) u Vi U, Vs Us Vi ) U, v u, Vv, Us Vs
i 115000 0 115000 0 0 0_ ur| 0 0 0 0 0 0 U, i 19628 29442 0 0 —19628 f29442_
0 0 0 0 0 0 vilo 0 0 0 0 0 V, | 29442 44163 0 0 —20442 —44163
—115000 0 115000 0 0 O (K] = U,1 0 0 0 0 0 0 K] = U, 0 0 0 0 0 0
0 0 0 0 0 0 Va0 0 0 7666667 0 —76666.67 Vs 0 0 0 0 0 0
0 0 0 0 0 0 Us{ 0 0 0 0 0 0 Us | —19628 —29442 0 0 19628 29442
Y 0 0 0 0 0] Vs L0 0 0 -76666.67 0  76666.67 Vi | —20442 —44163 0 0 29442 44163 |
Element 1 Element 2 Element 3
U1 Vl U2 V2 U3 V3
U, _115000—|— 19628 29442 —115000 0 —19628 —29442
Vi 29442 44163 0 0 —29442 —44163
(K] = U, —115000 0 115000 0 0 0
V5 0 0 0 76666.67 0 —76666.67
U, —19628 —29442 0 0 19628 29442
Vi L —29442 —44163 0 —76666.67 29442 44163 4 76666.67 |
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[Kpr]

| [Krr]

Problem 1: ThrussProblem

Apply B.@ and Solve (free) Nodal Displacement

[KPF] {6:3} {FP} [KFP] {6:1} + [KFF] {5F} - {FP}
e {'6' *} = ) (8, = [Keel ™' {{Fr} — [Krp] (34))

{Fr) _
[Krpl{0p} + [Kpr] {0r} = {Fr}

[Krr]

{SF} — [KFF]_I {FF}

The subscripts P and F refer respectively to the prescribed and free degrees of freedom
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Problem 1: ThrussRProblem

Calculation of the Element Resultants

SUPPORT. REACTIONS
RXl
{Fp} = [Kpr] {OF) gn

MO%BIR% 20365 &/ 2 # %3

[ — 115000
0

0

—19628
—29442
0

—29442 7]
—44163
~76666.67

Once all the displacements are known, the member forces can be easily obtained

(dy}  — {d3}=[C3]T{£}/

(O} —)

[ 63791.43
0
—63791.43
0

=
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0
0
0
0

—6379143 O] ( O (21.63
0 0 0 B 0
63791.43 0| ] 03391 [ — ] 21.631
0 0] |-0.9319 0

0
0.9635

W

—0.2348

[
» kN

.




Problem 2: BeamPPsoblem

Different types of modeling:and-associated-assumptions

LINE BODY SURFACE BODY

_

“Solid beam display” only to show =z

the beam profile and orientation

e , e Iﬂ"’”

"Thlck shell dlsplay” only to show ‘» | SOUP BODY
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Problem 2: BeamPPsobiem

Problem Discerption

E =200 000 MPa, I =200 x 10° mm*
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Problem 2: BeamPPsdblem

Data Preparation (Create Input file)
-

1 2
Nodes Coordinates geom = ;ggg Element Connectivity connec = [2 3}
4
| 16000_ :
_ _ 0 0] 0 0]
200000 200.e + 6 0 1 0 1
Materialand ~ prop — | 200000 200.c + 6 Boundary Conditions nf=| = L P
Geometrical Properties 200000 200.¢+ 6 | - -
Element O 0 O 0
Loading 1 p T p T p T p T
2 p T U o p 1t p T U o p 1t
3 T Tt Tt Tt
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Problem 2: BeamPPsoblem -

dw M
d  EI
d*w 1 dM S
d¢  El dx  EI
d'w 1dS q)

dv  Eldce  EI

3o
‘N

{0} 5
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. . \ q(x) +dq(x)
EulerzBernoulli theory of bending ~ « 77777
M) | . ‘ M(x) + dM(x)
Statically equivalent I | .
Actual load p nodal loads ~ x
P ¥ F7

; 1 E —%- 1_’8£ (%) i1 S(x) + dS(x)
/I £

—qL —qL n

D 2
; q E 2_qL2 oL M, 1 YYYYY) Y Y I \ M, .
f 12 12 ELL F
Z 2 ls 3

—3gl -7qL

2_g 20 {FE}:{FHMIEFZ&MZ}T
/ q/E _qL2 qu
; 1l 2 VN
/ Z
/] '\ .

q o, & e o
£ %l lﬁ ¢ EIL I /
/ 8 \ 8 i Wy
e

/ T

{dE} — {Wla el& Wo, BZ}T
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Problem 2: BeamPPsdblem

Interpolation (Shape Function)

o 0@ [F0 6) f— oo

(9)
— ) [ Zo 6) S Do —o v
— owd cwd o ‘
6 610}

1 1 AxY
N3 = F(_2x3 + 3x%L) Ny = E(.>c3L — x%1?) b

INI=I[Ni N N3 N4l

1 1
N, = §(2x3 —3x2L + 13 N, = E(x3L — 2x2[? + x[3)

\w @)= Lt ) idey

14 ux
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Problem 2: BeamPPsdblem

Direct Equilibrium Approach

1
:g"?pé 96— PO @) M‘QHH L1 1>M2 >

EiLL
13 12)

— (@b TLU— @EWUL L —)
y {Fe}:{FlleanaMz}T

o | “ | “
—?po PB— PO @b-) €

—(@@D ¢¢L— QUL TL—) s Bl I
) Wy w,

{de} — {Wh el:r Wa, eZ}T
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Problem 2: BeamPPsdblem

Local Stiffness Matrix

|
F,\ [ 12EI)L>  6EI/L> —12EI/L*  6EI/L* 7 (wi) . <1 TTTITT I\MQ .
E,L.L
M, 6EI/L>  4EI/L  —6EI/L> 2EI/L | |6, IFI le
1 r — 1 3
_ 3 > s >
F, 12EI/I —6EI/L> 12EI/I} —6EI/L* | | wy (F.) — (F\. M, Fy. M)
M) | eErrz 2L —6EI/L: 4EIL | |6,
YA
{fe} = [K]{b.} el<°’ \_«0'\92 -
4 Bl I/

{dE} — {Wh el:r Wa, eZ}T

Milad Vahidian, Ph.D. Student of Mechanical Engineering 61



Problem 2: BeamPPsdblem

Local Stiffness Matrix: Internal Hinge

Z N
: L : N
_ Discontinuity in the slope of the deflection curve N\
Internal Hinge Y o
Zero value of the bending moment Internal hinge N
| L
Procedure |

Discretize the beam using two elements

The hinge should be accounted for only once; either associated with element 1 or with element 2

If the beam is discretized with two elements, one with a hinge at its right end and the other with a hinge at its
left, the result will be a singular stiffness matrix.

C 3EI/L*  3EI/I*  —3EI/L* 0] (wn) [Fu C3EI/LF 0 —3EI/L* 3EI/L* ] (wn)] [Fa)
3EI/L>  3EI/L  —3EI/L> 0] |6, M, 0 0 0 0 0., M,,
3EL —3E2 3ELL O |wol| | 7o | 3EL 0 3EL —3EL | Vwa [ | Fa *

0 0 0 ol l6,]) |M, | 3EI/L> 0 -3EI/L> 3EI/L | |6,) My
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[Kpr]

| [Krr]

Problem 2: BeamPPsdblem

I DPPI U "8#060 AT A 311 OA AOAA

[KPF] {6:3} {FP} [KFP] {6:1} + [KFF] {5F} - {FP}
e {'6' *} = ) (8, = [Keel ™' {{Fr} — [Krp] (34))

{Fr) _
[Krpl{0p} + [Kpr] {0r} = {Fr}

[Krr]

{SF} — [KFF]_I {FF}

The subscripts P and F refer respectively to the prescribed and free degrees of freedom
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Problem 2: BeamPPsdblem

Calculation of the Element Resultants

SUPPORT REACTIONS

I
[Kpp] {0p) 4 [Kpr] {10F} = {Fp) {l}—n {FP} = | KpF] {‘SF}

MHBER%203.G:S &/ 2 # %3
Once all the displacements are known, the member forces can be easily obtained

(0} mmmm) {d.} ) (=LK ]1d} — 1Fo)

{FE} . The vector of equivalent nodal forces at element level
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3D Truss IRroblem

Problem Discerption

4 kN

O C¢mPl WO TW @
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3D Truss IRroblem

Consistent Units

All input and output data must be specified in consistent units

Quantity i SI i SI (mm) US Unit (ft) US Unit (inch)
Length i m i mm ft in
Force | N | N Ibf Ibf
Mass : Kg : tonne (103 kg) slug Ibf s2/in
Time E s i s S S
Stress iPa (Nfrnz)i MPa (N/mm?2) |bf/ft2 psi (Ibf/in?)
Energy i ] i mJ (1073 J) ft Ibf in Ibf
Density i___k_g_,a_’m:"_’__i tonne/mm?3 slug/ft> Ibf s2/in%
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3D Truss IRroblem

Data Preparation (Create Input file)

Nodes Coordinates geom (nnd, dim=3)

Element Connectivity connec (nel, nne=2)
' : - O ¢mdl®

Material and Geometrical'Properties 5 rar

Boundary Conditions nf (nnd, nodof=3)

Loading load (nnd, dim=3)
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3D TrussIRroblem

Discretization and Interpolation

=~

. ) o [“’ f”]co 6
wu U
o(w
_ # {uw} [0]{Q}
U ®

0 Tt
m 0
T

TT

Tt

U TU
apff) 5

{Q} {6000 o6vL UV}

[0]

U Tt
m 0
Tt

c:| ©- C=:| -
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3D TrussIRroblem

Local Stiffness Matrix

w
5

-3 |z:D

0 060 Qw —

0

(O

U
U
16 ¢

Tt
Tt

Tt

A A
3 -3
— o
© O

0 ()
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3D TrussRrolblem

Transformation Matrix

NE0 180 | B0 AN |
i 10iRi0 Qe Qe Qe | @Y 1 EO | B -
i do 180 1 @oei Qe \ '
i\
i g e Bk i i Aiddo Ai o Al @do 4 A
i de g & {i } » i AT Al dw Al @do {‘g } )
i ‘dee e Wepll i) AT@  AT@d AT @y |V
)|
Y
. o o . ! (Y [H]]
Y R SO« SR I —— .
Al =P Al@) o Al ot Y ] ’[n] Y
o JAT @hn) AT @w)
A T (&5 A T (g o A (@6
Ai@e) 21O Al AL A i (%)) o)

A T(d) A T(dw) A1) A'I'(cﬁrb?A'l'((ﬁﬁb) Ri@) ©

AT@H) = 5
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3D TrussRrolblem

Transformation Matrix

Q) [e&@ Q& a&]Q \ |
Q YQ m (o |[e& am Q& {Q} -
Q) [c: Q& Q&0 % ;
Y i\ L .
(Y ”"
/
k
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3D TrussRrolblem

Transformation Matrix

Element stiffness matrix in the global coordinate system

varom || = [R]T [k/][R]

{'?'Q '?'Q !Q‘Q 'Q ‘l ‘Q 3 _ ‘ ‘
Index Form -~ N | ! — > Q Qe | |
Qe Qee'Q Q Q 1 0
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3D TrussIRroblem

More Efficient Procedure

5
v O4Yp P
[Q] blop p]

i} Al@n) Al@n) Al@o)]{i} [0 ]
AT(@m) d’ﬁ‘b Al(@w) ——  Al@n) 0:
W W 0w W a a
v [CY T 5 "o ¢ mon
" W W w wa o
Il [Y T TT = -
0 0 0
: Global __ Local : Local
[Y] X Coordinate Coordinate Y Coordinate
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['Y] [QI[Y]
— Global
Coordinate
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[Kpr]

| [Krr]

3D TrussRroblem

I DPPI U "8#060 AT A 311 OA AOAA

) (8:) = [Ker] ™ {{Fr} — [Kep] {85))

[Kpr] l {E'P} l l {FP}I [Kpp] {6:1} + [Kpr] {5F} — {FP}
{0} {Fr)

[KFF]_ [Krp] {0p} + [Krr] {0} = {FF)

{SF} — [KFF]_I {FF}

The subscripts P and F refer respectively to the prescribed and free degrees of freedom
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3D Truss IRroblem

Calculation of the Element Resultants
MOLBIR%R2030°S &/ 2 # %3

Once all the displacements are known, the member forces can be easily obtained

Element W 0w 0w o q 7 Element
{5} — Displacement X 0 0 0 ‘ " o m o T[, —, Displacement
in Global - - - W _ W ] w a ] Al =—  inLocal
Coordinate I U U v Coordinate
Member
Force
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Problem 4: 2D rrames

Problem Description

20 kN/m

YY Y YV YYVYOYVYVYYVYVYVYVY

-+ /
g E=70.e+6 N/m2 A=0.1m>/=1.333¢—3 m* g
«™ on
|
|
w
@ A
(an] o
— on
o i 5m
1l
~ 20 kN 20 kN J
I~ -
E E
— o
3 . N
< S e
= E=70e+6N/m% A=0.1m2 I=1.333¢-3 m* <
NE“ R
Z £
Z,
“_E o 5m
w +
" -
i i
M N

EALALS S/

\
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All input and output data must be specified in consistent units

Quantity SI SI (mm) US Unit (ft) US Unit (inch)
Length m mm ft in
Force N N |bf Ibf
Mass kg tonne (103 kg) slug Ibf s2/in
Time s s S S
Stress [ pa (N/m2) | MPa (N/mm?2) |bf/ft2 psi (Ibf/in?)
Energy ] mJ (1073 J) ft Ibf in Ibf
Density | kg/m3 tonne/mm? slug/ft> Ibf s2/in%
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